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- Abstract--In this paper a stable nonlinear trapezoidal method based on the geometric mean (GM) of the 
function values f (x . ,y . )  and f(x.+ t, Y.+ ~) for the solution of initial value problems is developed. 
Numerical results indicate the new strategy to be an improvement over existing techniques. 
I. INTRODUCTION 
Despite its low order accuracy the trapezoidal method has been proved to perform well when 
applied to most moderately stiff problems. This is due to the fact that it possesses the important 
A-stability property. Unfortunately, however, as in many other A-stable one-step methods, the 
magnification factor Q(h2) of the trapezoidal method is such that 
Q(h2)~l  as Re(h2)~-oo ,  
so that the numerical approximations to the rapidly decaying eigensolutions with very small time 
constants may decay only very slowly. 
Gourlay [1] shows that the application of the trapezoidal formula 
y.+, = y. + ½h[f (x., y.) + f (x.+ ,, y.+ ,)] (1) 
for solving certain types of problems, namely y'  = 2(x)y, leads to an undesirable property in the 
results. In particular, he shows that for certain functions 2(x), the stability requirement imposes 
a restriction on the mesh length h to satisfy 
h [2(x.) - 2(x.+ ,)] ~< 4. (2) 
Condition (2) is certainly satisfied if 2(x.)~< 2(x.+0 but, if 2(x.)> 2(x.+0, then condition (2) 
restricts the mesh size to lie in the interval 
0 < h ~< 412(x.) - 2(x.+,)]-'. (3) 
An alternative strategy to remove this restriction was provided by replacing equation (1) by 
I 
y. +, = y. + ih [ f  (x. +t/z, Y.) + f (x. + ,/2, Y. + ,)1, (4) 
where the two function values are evaluated at the same point x = x.+t/2 = x. + hi2. Method (4) 
requires twice as many function evaluations of the trapezoidal method to carry out the integration 
of the differential equation over the interval x0 ~< x ~< X. To remove this latter defect Gourlay 
suggests that equation (1) is replaced by the method 
' ,)], (5) Y.+t = Y. + hf[x.+ w2,~(Y. + Y.+ 
which has the same order of accuracy as the normal trapezoidal rule. Unlike the trapezoidal 
formula given by equation (1), Gourlay's method given by method (5) is always stable for equation 
y'  = 2(x)y. 
tPresent address: University of Technology, Kuala Lumpur, Malaysia. 
77 
78 D.J. EVANS and B. B. SANUOI 
2. A NONL INEAR ALTERNATIVE TRAPEZOIDAL  FORMULA 
BASED ON GEOMETRIC  MEANS 
In a similar way to the Gourlay approach, we shall now demonstrate the effect of an equivalent 
nonlinear formula based on the use of the geometric mean instead of arithmetic means in the 
trapezoidal formula [2]. Thus, instead of equation (1) we consider the GM formula, 
y. +, = y. + h x / f  (x . ) f  (x. + ,). (6) 
by applying it to the equation 
y '  = 2(x)y, 2(x) ~< 0. (7) 
For simplicity we denote 2(x,) by 2, and by applying equations (6) and (7) we obtain 
Y. + l = Y. + h w/2.y.2. + lY. + I 
= y , , + h ~ ~ .  
Dividing both sides of this equation by y, (assuming y, ¢ 0), we obtain 
Y"+___2~ = l + h ~ ~_"_ + ', 
Y. V, Y. 
i.e. 
Yy.+l- 1)2 = h22.~.n+l (Yn+l ") 
---~ / -- (2+h22.2 .+~) \y .  / 1 =0.  (8) 
This is a quadratic equation in y.+ ~/y~ and can be solved to obtain 
Y.+l = 2 + h22.2~ + 1 -+ x/(2 + h22.2. + l): - 4 
= 1 +~[h22,2,+~ ___x/h22.2,+~(4+h22,2.+0]. (9)
y, 2 
Now, for the recurrence of equations (9) to be acceptable, we require lY,+ t/Y,I <~ 1, 
J l + ½[h2).,2,+, + x/h22,2,+, (4 + h2,~.n,~n+ ,)]1 ~< 1. (10) 
Inequality (10) is satisfied if h 2x//-~.2~+  < 0, i.e. by taking the negative sign in the square root of 
inequality (10). This condition is satisfied if 2(x) is a negative function, which is in fact the case. 
Therefore, there is no restriction on the stepsize as far as the solution o fy '  = 2(x)y is concerned, 
by using the GM formula. Unlike the trapezoidal formula, a modification in the evaluation of the 
function should not be necessary. This property follows immediately from the fact that the GM 
formula is L-stable as opposed to the trapezoidal formula which is only A-stable. 
However, due to the simplicity in the form of the modified formula as well as its better accuracy 
when applied to certain problems, as we will see later, we also give the modified formula in the 
form 
y.+, =y .  + hf(x~+,/:, Yx~Y~+,). (11) 
which has the same order of accuracy as formula (6). 
3. NUMERICAL  EXAMPLE 
We use the example given by Gouday [1] to demonstrate the defect of the trapezoidal formula 
as well as to compare the performance of our formula with Gourlay's formula. The problem is 
given by 
y'  = 2(x)y,y(O) = l, (12) 
where 
~: (x - /~) ,  0~<x ~</~ (13) 
~(x)  = O,  x >I/~. 
So lut ion  o f  in i t ia l  va lue  prob lems 
Table I 
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Exact Error Error Error Error 
x solution (trapezoidal) (Gourlay) (GM) (modified GM) 
(a) h=O. I ,k=l  
0.10 0.7485183E - 04 0.8507059E + 37 0.1701412E + 38 -0.8798871E + 02 -0.8823874E + 02 
0.20 0.1522998E - 07 0.7025615E + 18 -0 .4683744E+18 0.6157947E +04 0.6197510E +04 
0.30 0.8423464E - 11 -0.8507059E + 37 -0.1701412E + 38 -0.3324151E + 06 -0.3361006E + 06 
0.40 0.1266417E - 13 -0.4638708E + 18 0.4593672E + 18 0.1328829E + 08 0.1351970E + 08 
0.50 0.5175555E- 16 0.8507059E+37 0.1701412E + 38 -0 .3715969E+09 -0 .3814522E+09 
0.60 0.5749522E - 18 0.1170936E + 19 -0.4683744E + 18 0.6668035E + 10 0.6940538E + 10 
0.70 0.1736205E - 19 -0.8507059E + 37 -0.1701412E + 38 -0.6600674E + 11 -0.7045682E + I 1 
0.80 0.1425164E - 20 overflow 0.4593672E + 18 0.2463405E + 12 0.2818273E + 12 
0.90 0.3179971E - 21 . . .  0.6562388E + 17 -0.3041013E + 11 0.1072543E + 12 
1.00 0.1928750E - 21 . . .  0.3937433E + 17 -0 .3041013E+11 0.6538349E + II 
(b) h=~Ol, k = I0 
0.10 0.7485183E -04  -0.4331087E - 04 -0 .4232418E-04  0.2885305E -04  0.2884071E -04  
0.20 0 .1522998E-07 --0.1172277E - 07 -0 .1151764E-07  0.1153792E - 07 0.1153110E - 07 
0.30 0.8423464E - I1 -0.7134286E - l l  -0.7028668E - II 0.9060035E - l l  0.9052854E - I1 
0.40 0.1266417E - 13 -0 .1117637E-13  -0.1102485E - 13 0.1667959E - 13 0.1666217E - 13 
0.50 0.5175555E - 16 -0.4658230E - 16 -0.4596976E - 16 0.7657740E - 16 0.7647300E - 16 
0.60 0.5749522E - 18 -0.5224946E - 18 -0.5155816E - 18 0.9056664E - 19 0.9040593E - 18 
0.70 0.1736205E - 19 -0.1584953E - 19 -0.1563463E - 19 0 .2817549E-19 0.2810996E - 19 
0.80 0.1425164E - 20 -0.1303473E - 20 --0.1285295E - 20 0 .2339870E-20 0.3280314E - 19 
0.90 0.3179971E - 21 -0.2910312E - 21 -0.2868857E - 21 0.1845557E - 20 0.3391030E - 19 
1.00 0.1928750E - 21 -0.1765433E - 21 -0.1740089E - 21 0.1970679E - 20 0.3403543E - 19 
The solution to this problem is given by 
~'exp{-0:2x(fl - x/2)}, 0 ~< x ~< fl 
y(x )  = (exp{-ct2fl2/2}, x >1 ft. 
(14) 
The stability condition in this case requires h ~< 2/or for the trapezoidal formula, but there is no 
restriction on h if the GM or the Gourlay formulae are to be used. 
In this example we compute the solution for the choice of constants 
~=10,  f l= l ,  
and for the values of h = 0.1, 0.01. The stepsize requirement for the trapezoidal method is h ~< 0.2 
for 0 ~< x ~< 1. However, in practice, as our computation shows, even with h = 0.1 the results 
demonstrate nondamping of the solution for all the formulae used. The numerical results obtained 
by using all the four methods are shown in Table 1. As can be seen, the worst affected is the 
trapezoidal formula, followed by Gourlay's formula and then the GM formula and finally our new 
formula given by equation (11). This is judged from the speed at which the errors grow. For smaller 
h, however, the accuracy of the results obtained by these four methods are about the same. 
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